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Reflexive spaces are characterized with the help of metric projections which
possess a continuity property similar to n-lower semi-continuity and admit con-
tinuous g-approximate selections. An example showing that almost lower semi-
continuity of a metric projection is not sufficient for the existence of a continuous
selection is constructed.  © 1989 Academic Press, Inc.

1 INTRODUCTION

Let (X, 7) be a topological space, and (Y, d) a metric space. A mapping
F: X — 2Y which associates with every x € X a non-empty subset F{x) of ¥
is said to be lower semi-continuous (ls.c.) (respectively, upper semi-con-
tinuous (u.s.c.)) if, for each open set # in Y, the set {xe X: F(x)nU # & }
(respectively, the set {xe X: F(x)c%}) is open in X. A mapping > X - ¥
is a selection for F if, for each xe X, f{x)e F(x).

One of the most celebrated results on the existence of continuous selec-
tions is the following theorem of Michael [11]: If X is a paracompact (e.g.,
metric) space and F: X — 2% is Ls.c. and has closed convex images, then F
admits a continuous selection. The key step in the proof of this theorem is
the construction of continuous ¢-approximate selections. For an arbitrary
non-empty set A< Y and ¢>0, let B,(4) denote the union of open balls
with radii equal to ¢ and centers running over 4. A mapping f/: X — Y is
called an e-approximate selection for F: X — 27 if for each x in X f(x)e
B.(F(x})).

In [7] Deutsch and Kenderov introduced two continuity properties for
multivalued mappings and identified topologically those mappings which
admit continuous g-approximate selections.
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DerFiNITION (Deutsch and Kenderov). A multivalued mapping F:
X —27Y is said to be almost lower semi-continuous (a.Ls.c.) (resp. n-lower
semi-continuous (n-ls.c.)) at x,eX if for each &>0 there is a
neighbourhood # of x, such that (\{B.(F(x))#: xe¥} (resp.

" B(F(x;))# & for each choice of n points x,, x5, .., x, in ¥). F is
als.c. (resp. n-ls.c.} if F is a.ls.c. (resp. n-l.s.c.) at each point x of X.

For our purposes we give a slightly different

DEFINITION. A multivalued mapping F: X — 27 is said to be finite lower
semi-continuous (fls.c.) at x, if for each ¢> 0 there is a neighbourhood %
of x, such that for each finite set of points 4 in % (.. 4 B.(F(x))# . Fis
fls.c. if Fis fls.c. at each point x of X.

One of the main results in [7] is the following

THeOREM (Deutsch and Kenderov). Let X be a paracompact space and
let Y be a normed linear space. Suppose F: X — 2 has convex images. Then
Fis als.c. if, and only if, for each ¢ >0 F admits a continuous e-approximate
selection.

The above theorem, as well as other topological results in [7], Deutsch
and Kenderov apply to metric projections. Recall that a map P,,: X — 2%,
where M= X and X is normed, is referred to as the metric projection
generated by M provided that for each xe X

Pu(x)={yeM:|ly—xll=dx, M)},

where
d(x, M)=inf{||x —z|: ze M}

is the distance function generated by M. A set M is called proximinal if
P, (x)# & for all x in X. It is well known that the proximinal sets are
closed.

Various problems concerning existence or non-existence of continuous
selections for metric projections are studied in [1-3, 7, 10, 12-15, 18, 19]
and others. Closely related to [7] is the work of Beer [1]. We note that
the notion of approximate selection in [2, 4, 5, 16, 17] bears a different
meaning.

This paper is motivated by the work of Deutsch and Kenderov [7]. It
contains two results. The first one gives a characterization of reflexivity: A
Banach space X is reflexive if, and only if, for every equivalent norm in X
every fls.c. metric projection generated by a proximinal subset of X has
continuous e-approximate selections for each ¢>0. The second result
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shows that almost lower semi-continuity of a metric projection does not
imply existence of a continuous selection, even for finite dimensions: In a
five-dimensional Minkowskian space there is an a.ls.c. metric projection,
generated by a three-dimensional subspace, which fails to possess a con-
tinuous selection.

2. Tae MaiN ResuLT

THEOREM 1. Let X be a non-reflexive Banach space and M S X be a
closed subspace with codim{M) = 2. Then there is an equivalent renorming of
X such that M is proximinal and the metric projection P, X — 2™ is finite
lower semi-continuous but not almost lower semi-continuous.

Proof. Since M is closed and codim(M)=2, then M is non-reflexive
itself, and X is isomorphic to R? x M. We will define an equivalent norm in
the space Z := R?x M. Suppose f € M* is a bounded linear functional with
I flIl=1 which does not achieve its supremum on the closed unit ball
U(A}. The existence of such a functional is ensured by the theorem of
James [97].

Consider the sets

C={(rs,NeRxRxM:s={f,n), r*+5°<1, |nll, <1}
D={0,5,n)eRxRxM:|t| <1, |n|, <1},

where (-,-) is the dual pairing between M and M*. Obviously, C and D
are closed convex bounded and symmetric. Designate by V" the closed con-
vex hull of Cu D, ie., V=¢3(Cu D). Then V is a closed convex bounded
and symmetric set. Also, it has non-empty interior: If C, is the set {(r, 0, O):
|rl <1}, then 27(C, + D)= {(r/2, /2, n/2): Irl < 1, J1| <1, |n)l,» <1} has
non-empty interior. On the other hand the latter set is properly contained
in V.

Now V viewed as a unit ball defines an equivalent norm || .| in Z. Let
P,;: Z— 2™ be the metric projection generated by M with respect to the
V-norm.

For arbitrary g € [0, 2n), let a, = (cos ¢, sin ¢, 0) € Z. Our next goal is to
determine the set P, (a,). Notice that the orthogonal projections of C and
D over R? are both contained in the circle {(r,s,0)eR?*x M: r* +s*< 1}.
Since it is closed, the orthogonal projection of ¥ is in the same circle too.
Therefore

d(a,, M)>1. ()

Denote by s, the affine set {(cosq, sing, n)eZ: ye M}, ge[0,2n). It
follows from (1) that », does not intersect the interior of V. If we show
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that V' n s, # &, then the formula P,(a,)= (a, + V) n M will take place.
Towards this end, suppose first that g#n/2 and that g+#3x/2. In this
situation »., N D= J. Moreover, both sets are separated by the functional
(cos g, sing, 0)e Z*. So are », and C. In order to prove that Vv, =
C N om,, we need the following

LemMma 1. Let C, D, and H be closed convex subsets of a normed space
X, and let ge X* be a bounded linear functional such that

sup{<{g, y>: yeD}=a<pf=inf{{g z):ze H}, and
sup{{g, x>:xeC} <p.
Then Hneo(CuD)y=HnC.

Proof. Obviously HhC< Hnto(CuD). Let zeH, z=limz,, z,=
Anx, +(1—=2)y, where (x,)=C, (y,)ED, (4,)=[0,1]. Choose a con-
vergent subsequence of (4,). With abuse of notation, let 4, - 4,. Then we
have

B<<g z) <A Iim{g, x,>+(1—4) Im<{g, y,>
SApB+ (1 —=Ao)a< Ao+ (1—40) =B

This implies 1, = 1, whence z =1im x,,. Therefore z € C because C is closed.
The proof is completed.

By Lemma 1 Ve, =Cnm,. So
Vam,={(cosg,sing,0)eZ: {f,n>
=sing, |nlly <1}, q#n/2, 3n/2 (2)

The explicit form of ¥ N s, convinces us that V" and », have a nonempty
intersection.
For ¢ = n/2 we obtain

Vo, 2D Oy = {(0, 1, n) e Z: |Inll, <1} (3)
Analogously, for g =3n/2
VO mss 2D O mesy = {(0, —L,m)e Z: In] <1} (4)

It is a routine matter to verify that Pp(a,)=(a,+V)nM =
a, + Vi (—am,), whence by (2)-(4) we have

Pula,)={0,0,m)eRxRxM: {f,n)>
= —sing, [lnll»<1},  q¢{n/2,3m/2} (5)
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as well as
Pula)2{(0,0,n)eZ: nll,, <1} (6)
and

Palas2)2{(0,0,n)e Z: nlln <1} (7)

In this way, for the points of the circumference E= {(cos ¢, sing, 0)e Z:
ge[0,2n)}, g¢ {n/2, 3n/2}, the images of P,, correspond to the level-sets
of fintersected by the closed unit ball U(AM), while for ¢ =n/2 or g =3xr/2,
U(M) is contained in P, (a,).

We claim now that the restriction of P,, over E is finite lower semi-con-
tinuous. The claim is almost obvious; however, for the sake of com-
pleteness, we give a demonstration in the particular case g, =mn/2 (for
arbitrary ¢ the proof is similar).

Fix ¢>0 (e<mn/2) and take an open neighbourhood % in Z, g, €%,
such that for arbitrary a, =(cosgq,sing, 0), a,e%, it follows that
lg—m/2| <e Let (a,)]_,€% and k is an index satisfying |g, —n/2| =
min{lg; —n/2]: i=1, 2, .., n}. Suppose g, # /2 {the case g, =g, is trivial)
and take yeP,(a,). Then (f, y)= —sing,. For each i choose 4,
0<;<1, such that {f,A,y)>= —sing,;, and define y,=4;y. Since y,
belongs to Pyl(a,,), we have the estimation

ly=yill=(1=24)IylI<1-4,

sin g; . )
=l—-——"<1- < nf2—g,l <e
g, 1TSS g <
Therefore (\7_, B(Pyla,)) # &, 16, Py pis fls.c. at a,. Our next lemma
implies that P,, is everywhere fls.c.

LEMMA 2. Let Z=(YxM, |-||) be a product space of two Banach
spaces Y and M, and let P, be the metric projection generated by M (i.e., by
{0YyxM). If for E={(y,0)€Z: ||ylly =1} the restriction map P is
als.c. (respectively fls.c.) and has non-empty images, then so is Py,

Proof. For arbitrary ze Z the representation z= A1y -+m holds, where
220,ye?, lyly=1, me M. We claim that

P lz)y=m+Ai-Pyy) {8)

Designate the closed unit ball of Z by V and suppose 4y, M)=
r>0. Then m+ AP, (y) = m+AMn(y+rV)) =m+Mo(ly+ V) =
Mn(z+ ArV). Now since for any ke(0,r) Mn{(y+&kV)=5, then
Mn (z+ikV)= . Therefore d(z, M) = ir, which establishes the claim.
In particular, (8) implies P,,(z) # .

640/56/1-5
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We next prove that P,, is a.l.s.c. at z, where z, is an arbitrary point in Z
(the case of fls.c. is treated analogously). If z, =m, e M, then for each
z€ B,(my) and each me P, (z)

llmo —ml < |mo —zll + |z —mll <2 - [img — z|| <&,

whence ({B,(P(2)): z—zol <&/2}# . So let zy =4y, +mgy, 1o>0,
lyolly =1, my e M. Since P, is als.c. at y,, there exist >0 and u, € Z
such that

Ug € ﬂ {Bs/uo(PM(y)): VeE, |y—yol <d}. 9)

Obviously, we can always assume that [lu,]>0. Consider the open
neighbourhood of z,

U= {Ay+m:|A—Aio| <min{e/4 |uyll, 10/2},
YEE, |y—yol <6, meM, |m—mg| <e/d].

Suppose ze¥, z=Ay+m, and take in (9) a point ue P, (y) such that
lu—uy| <&/34,. According to (8) Au+me P,,(z). It follows from

1A+ m—Adgug —mol| <A lu—uoll + |2 —=2Ao] - luo | + llm —my|

<erf3do+e2<e

that Aguy +mg € (V{B,(Py(2)): ze ¥}, and this completes the proof.

In this way, for an arbitrary bounded linear functional fe M* not
achieving its norm, we defined an equivalent norm in Z with respect to
which M is proximinal and P,, is fls.c. Now f is chosen in a more
sophisticated manner so that P,, fails to be a.l.s.c. In doing so we employ a
theorem of James. But, before that, we make some explanatory remarks.

Suppose (g,) = M* is a sequence of bounded linear functionals. Denote
by L(g,) the set

{(we M*:lim(g,, x> < (w, x> <Im{g,, x), Vxe M}

and observe that L(g,) is non-empty. Indeed, the mapping 72 M -/,
T(x)=({g,, x>), associates with each x € M a bounded sequence. If p /%
is a Banach limit, then lim<{g,, x> <¢(T(x)) < ITim{g,, x> whence
w(-)=o(I(-))e M*.

For arbitrary fe M*, | f]| =1, denote

S(fiy)={xeUM):{fx>=y}, 0<y<lL

It follows from (5-7) and Lemma 2 that P, is a.ls.c. at (0, —1,0)e Z if,
and only if,

Ve>03p,€(0,1): (| BAS(f 7)) # . (10)

¥ =70
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Using the next theorem we show that in a non-reflexive Banach space there
exists a functional f which does not satisfy (10).

Tueorem (James [9]1, [8, p. 12]). Suppose M is a non-reflexive Banach
space. Then for € (0, 1) and 1,>0, 3.7 | A, =1, there exist ¢, §<a <2,
and (g, = M*, | g, <1, such that each we L{g,) satisfies

n=1 !
and
k ®©
) in(g,,—w)”@-(lw- > A,,), keN. (12)
n=1 ' n=k+1

Pick 6e(0,1) and choose >0 so that 6<6%2 If i, =1-4,
Awi1 =04, then 1,>0, 3= A, =1, and according to the theorem of
James there exist o, 0<a <2, and (g,) = M*, |/ g, | <1, such that each w,
we L(g,), satisfies (11) and (12).

For an arbitrary fixed functional w, welL{(g,), take f=
a™ ' ¥ 2,(g, —w) where || f|| = 1. We claim that f does not satisfy (10).
Assume the contrary. Then for O0<e<(af—28)/2-8/(1 — &) there are
x, € UM} and y, €(0, 1) such that x_ e B,(S(f,v)) whenever ye(y,, 1).
Since lim<{ g,, x,> < {w, x, ), there is k so that

{gp —wW, x> <af —20.
Estimate {(f, x) for xe U(M), |x —x,|| <¢,

k—1
a<ﬂx>=< S A(g, — W) x> Al gr —w, x—x,)
n=1

A= X, +< S (g —w) x>

n=fk+1

<

S i - w)“ 2,

n=1

+(@0-28) A +2- Y A,

n=k+1

sa-<1—e- D i,,>+2e/1k
n=k

+ (0264, +25- Y A,
n=x

—a—(20—28)- Y i, +2eh,.

n=k+1
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Hence
{(fixy<l-—g, (13)
where
c=cx’1l:(oc0—2c5)- Y /1"—28],,{].
n=k+1

Since ¢ is sufficiently small, then

c>oc‘1(cx0—25)-[ y ln_a’lk]=0-

n=k+1 1-4

It follows from (13) that B.(x,) n S(f, 7) = & whenever y > 1 —¢ and this
contradicts the choice of x,. Therefore f does not satisfy (10). Therefore P,,
is not als.c. at (0, —1,0)e Z. The proof of Theorem 1 is completed.

With the help of Theorem 1 and the theorem of Deutsch and Kenderov
we give the following criterion for reflexivity:

THEOREM 2. A Banach space X is reflexive if, and only if, for every
equivalent renorming of X every finite lower semi-continuous metric projec-
tion generated by a convex proximinal subset of X admits a continuous
e-approximate selection for each &> 0.

Proof. Necessity. Let (X, ||-]|) be reflexive. Suppose || is an equivalent
norm and M is a convex subset of X which is proximinal with respect to
|-[. Suppose also that the metric projection P,,: X —2* is fls.c. The
Banach space (X, |-]|) is reflexive and M is closed. We recall that in a
reflexive space a convex set is proximinal if, and only if, it is closed. For
arbitrary xe (X, |-|) and &> 0 there exists a neighbourhood % of x such
that (7_; B.2(Pry(x,)# & for each n and each choice of n points x|,
X3, -y X,. Now the family {B,,(P,(z)): ze %}, whose elements are weakly
compact sets, has the finite intersection property and then it has a non-
empty intersection. Therefore P,, is a.l.s.c. and according to the theorem of
Deutsch and Kenderov P,, admits a continuous g-approximate selection
for each ¢>0.

Sufficiency. Suppose X is non-reflexive. It follows from Theorem 1 that
there exist an equivalent norm |-| and a convex proximinal set M < X such
that the metric projection P,,: X - 2™ is fls.c. with respect to |-|, but it
lacks a.ls.c. Apply the theoerem of Deutsch and Kenderov again, the suf-
ficiency part, to prove that for some ¢ >0 P,, fails to admit a continuous
e-approximate selection.



REFLEXIVE SPACES 67

3. EXAMPLE OF AN A.L.S.C. METRIC PROIECTION, (GENERATED BY
A THREE-DIMENSIONAL SUBSPACE OF A FIVE-DIMENSIONAL SPACE,
wHICH DoEs NotT HAVE A CONTINUOUS SELECTION

In the sequel S™ and B” will stand for the unit sphere and the closed unit
ball of the n-dimensional Euclidean space R”, respectively. The Euclidean
norm is denoted by |-|.

The following simple example of an a.ls.c. us.c. mapping ¢: R — 28> ®
which fails to admit a continuous selection has motivated our further con-
siderations. The example is a modification of an analogous example due to
Ch. Dangalchev [6]. Earlier examples of the same nature, but without
upper semi-continuity involved, have been constructed by Pelant, cf {77,
and Beer [1].

Suppose (8,)>_, is a strictly decreasing sequence of positive reals so that
lim, , ,, 6, =0. Define another sequence (w,)*_, by @, =278, +8,. )
The points P, and Q, have coordinates (w,, 1) and (8,, — 1), respectively.
Denote by 4, the triangle [Q,,, P, 0,1 foern=1,2, ... The mapping ¢ is
defined as follows: For x =0 (x< w,),

4, if x=o,
gxy=1{ [Q,, (x,1)] if o, <x<o,
[(0, —1}, (0, )] if x=0,

and for x <0 ¢(x)= —¢(—x).

It is easily checked that ¢ is a.l.s.c. Suppose f: R — R? is a selection for ¢
which is continuous at both w, and —w,. Then flw,)=P, and
f{—w,}=—P,. On the other hand lim,_ , P, (0, 0) and f cannot be
continuous at 0.

We consider next a multivalued mapping 4, in a certain sense similar to
¢, which admits a mechanical interpretation: The images of ¢ might be
viewed as sets of contact when a cylinder-like solid is rolling over a plane.

Denote D, ={(cos ¢, singp, 1)eR* ¢e[0, 2n)} and D, = {(cos ¢,
sin ¢, —1)eR’: ¢ € [0, 2m)}. Let y, and y, be the planes carried by D, and
D,, respectively. Suppose (6,) and (w,) are two strictly decreasing
sequences both defined for every integer neZ and satisfying 2w, =
6,+0,,,. Moreover, suppose 8,=n/2, 0_,=n—8,, lim,_ __0,=mx,
lim,,,.0,=0 Then w_,=n-w,, lim,_, _,w,=nr lim,_, .,  o,=0
Put P, =(cos w,, sinw,, 1) and @, = (cos 8, sin 6,, —1). We now define
a three-dimensional convex body W by description of its surrounding
surface ZF (see Fig. 1).

The segments [(1,0, —1), (1,0, )] and [(—1,0, —1), (—1,0, 1)} are
part of Z. So are the triangles 4, =[0Q,,, P,, @, .. Let C, be the cones,
with vertices @,, generated by D,. The conical sectors K, which also
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Fi16. 1. The conical sectors are marked by dashed lines.

belong to = are cut off from C, by 7,, v, and the planes through 4, _, and
4,. Observe that for each n the plane supported by 4, meets y, at a line /,
which is a tangent to D, at P,. Hence the planes through two adjoint
triangles 4,_, and A4, are tangent to the surface of C,, the segments
[P,_.,0,] and [(,, P,] being generatrices for C,. To complete the
definition of = note that X € = implies — X € 5. Finally, define W ==¢0 Z.

Thus we have a closed convex bounded and symmetric set with non-
empty interior. Let |-{| be the norm generated by W via the Minkowski
functional. Denote by M the Minkowskian space (R?, ||- ).

For each point xeS° with coordinates (x,x,, x3), |x3|#1, define
n(x)=(x,/ /X3 +x3, x,//x}+x3, 0), ie, =m projects x along the
“meridian” on the “equator” E= {(x;, x,, x3) € R*: *x; +%x, =1}.

It is clear from the definition of W that for every y = (y,, y,, y;)€bdW
with |y,| #1 there exists a uniquely determined normal vector v(y)e S°.
Consider the set

r={v(»)eS y=(y1, y2, ¥a) lysl #1, |yl =1},

which is symmetric since W is symmetric itself. There is no difficulty in
verifying that E is a homeomorphic image of r via n. Then r might be
viewed as a parametric curve with a parameter ¢, where ¢ is the oriented
angle between the axis Ox, and n(v(y)).

Denote by 4, (-) the support function generated by W, ie., hy(x)=
max{{x, z): ze W}. For each xer let

F.={yeW:{x, y>=hyp(x)}.
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Define ¢ as a composed map E— "' r— ~F W, where —F(x)= —(F,)
whenever xer. The images of § are the “contact sets” of W and a plane
“rolling” around W. Bvidently, ¢ is a.ls.c. The absence of a continuous
selection for § is shown in the same way as this was done for the mapping
.

At the final stage of our construction we introduce a new norm in
R? x M such that the metric projection P,,: R?x M - 2 restricted on the
circumference C= {(&,0)e R?x M: |¢| = 1} is identical with .

For arbitrary xer let

ze{(i’ H)ER2XM:£=TC(X)’"EFx}a

and define the new unit ball ¥ by the formula

V=E<U G, U%B5>.
Obviously, V is a closed bounded set with non-empty interior. It will suffice
for symmetry to show that {J,., G, is symmetric. Indeed, if (£ 7)€
User Gy, there is x e ¥ such that ¢ = n(x) and e F,.. Since W is symmetric,
then —neF_,. On the other hand —¢=nxn({—x) since r is symmetric.
Hence (—¢, —n)eG_, and —xer. Thus V defines a norm in R*x M
which we also denote by ||-|.

Identifying in notation {0} x M with M, let P,, be the metric projection
generated by the three-dimensional subspace M. We claim that

PylC,0)={0}xF_, (14)

whenever ¢ eR?, |é| =1 and x=n"!(¢). The orthogonal projection along
M maps V on B2 For an arbitrary & e S, denote we, = {(&, n): ne M}. It is
clear that d((0, 0), »;) > 1. Suppose ¢ is a fixed point on $* and & =n(x).
We prove next

G,=m.nV (15)

The inclusion G, S #, NV follows immediately. Conversely, if (& n)e
meNV, then [£l=1 and (¢ n)=lm, (., #n,) where (¢, n,)e
co(Uyre, G Ul B%). According to the theorem of Carathéodory (¢, 7,) =

?=1 ini(éni’ nni) where 0 S'1m' < 17 Z?=1 j'ni = 1’ (éni’ nni) € Uxer Gx v % BS’
n=1,2,.,i=1,.. 6. We may assume, by passing to subsequences, that for
every i lim,_, A, =4, and tim, _, (&,;, #1..:) = (£, M) So, with abuse of
notation, we write

k k
(63 'I) = 2 Aol € o3 Moi)s /101. >0, Z Au=1, k<6
i=1

= P=1
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Since ¢ =X%_ | 1,:¢,; and |&,,| <1, we have from the strict convexity of B>
that £, =¢& for i=1, 2, .., k. Suppose i is a fixed index. If (¢,;, n,;) were in
1 B° for infinitely many values for n, then &,; would belong to 3 B® too. But
this is incompatible with our choice of £. So for large n (&,;, 7,:) € Uxer Gx-
Therefore there exist uniquely determined points x,; € S such that ¢, =

T(X,;)s N € F,, whence

X W) = Mg (X,05)- (16)

Since n is a homeomorphism, then lim,_ . x,, =lim,_ ,7© " '(¢,)=
n1(¢)er. Taking x =z (&) and letting # go to infinity in (16), we obtain
{x, 1,:» = hul(x). Notice that n,, € W since W is a closed set. On the other
hand xer and then 5, € F,, ¢=n(x). So (&, 1,,) € G,.. It follows from the
convexity of G, that (&, n)= (& X%_, A,1.;) € G,. Thus (15) is established.
In particular, (15) entails d((0, 0), s;)= 1.

We proceed in determining the image of P,, at (&, 0) for &€ S As was
shown above d((& 0), M)=1. Suppose (z, y)e[({0)+V]nM. Then
z=0 and (z, y)=(&0)+(—¢& y) whence (=& y)eV. So (& —y)e
me N V=G, whenever x=n""(£). We have — y e F, which implies ye F_,.
Thus P, (& 0)< (0, F_ ) for ¢ =n(x). Conversely, suppose (0, y}e(0, F_,)
where & =n(x). It follows from the representation (0, y)= (&, 0)+ (=&, y)
that (—¢, y)e G_, <V because — ¢ e n(—x). On the other hand obviously
(0, y)e M. The proof of our claim (14) is completed.

Finally, notice that since the restriction of P,, on the circumference C
behaves like the mapping ¢, we need only apply Lemma 2 in order to make
sure that P,, satisfies the required properties.
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